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Implicit differentiation

Implicit differentiation: formula derivation and requirements

In many cases in mathematics and economics, the relationships between variables are presented implicitly,
that is, by an equation of the form
F(z,y)=0

where y is defined as a function of x implicitly (i.e., y = f(z)). To apply implicit differentiation, certain
conditions must be satisfied.

Requirements for applying implicit differentiation
1. Solution verification: it is assumed that the point of interest (xg,yo) satisfies the equation, that is,

F(zo,y0) = 0 (which implies that yo = f(x0))

2. Differentiability of F(x,y): the function F' must be differentiable in a neighborhood of the point
(x0,Y0). This ensures the existence of the partial derivatives F, and F,

3. Non-vanishing of the partial derivative with respect to y: it is required that F,(zo,yo) # 0. This
condition is essential to apply the Implicit Function Theorem, which guarantees that around (z, yo),
y can be expressed as a differentiable function of x (i.e., y = f(x))

Derivation of the implicit derivative formula

Consider the equation
F(z,y)=0

where we assume that y = f(z) and that F is differentiable in a neighborhood of (xq, o). Since F(z, f(z)) =0
for all x in that neighborhood, we differentiate both sides with respect to x, applying the chain rule:

d

ol (@) = Fo(z, f(2)) + Fy (2, f(2) - f'(2) = 0

Here, F, and F, denote the partial derivatives of F' with respect to « and y, respectively. We solve for
[/ (x) as follows:

Fy(a, f(@)) - f'(2) = ~Fu(a, /(@)
Fu(a, f(@))
Fy (@, [(2))

=  f'(z)=-—
This is the general formula for the derivative of a function defined implicitly.

Example

Consider the equation of a circle:
2 +y? =25

We define the function F(z,y) as:
F(z,y) =2 +y*—25=0

We observe that for any point (x,y) on the circle, F(x,y) = 0 holds.
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Step 1: compute partial derivatives We have:

Fy(z,y) =2z and Fy(z,y) =2y

Step 2: apply the implicit derivative formula Using the formula:
dy  Fa(zy) 2z

dl‘ Fy(iE,y) __@

@7 T

dr — y

Implicit differentiation: function of two independent variables

In some problems in mathematics and economics, relationships between variables are given implicitly through
an equation of the form
F(z,y,2) =0

where z is implicitly defined as a function of  and y (i.e., z = f(x,y)). To apply implicit differentiation in
this context, certain conditions must be satisfied.

Requirements for applying implicit differentiation

1. Verification of the solution: it is assumed that the point of interest Qo = (zo, Yo, 20) satisfies the
equation, i.e., F'(zg, Y0, 20) = 0 (which implies that zo = f(x0,y0))

2. Differentiability of F'(x,v, z): the function F' and its partial derivatives F, F),, and F, must exist and
be continuous in a neighborhood of the point Qg

3. Non-vanishing of the partial derivative with respect to z: it is required that F,(xg,yo,20) # 0. This
condition is essential to express z as a differentiable function of x and y around Qg

Derivation of the partial derivative formulas

Consider the equation
F(z,y,2) =0

where we assume z = f(x,y), and F is differentiable in a neighborhood of the point Qo = (zo, Yo, 20). Since
F(z,y, f(z,y)) =0 for all (z,y) in that neighborhood, we differentiate both sides with respect to z and y,
using the chain rule.

Application of the chain rule

To clarify the derivation, we can rewrite the function F(z,y, z) by setting u =z, v =y, and z = f(z,y), so
that
w=F(u,v,2) =0

Applying the chain rule with respect to x:
Oow OF Ou OF 0Ov OF 0z

9 ou 0z T ov ox T 9: on

Since%zland%z&wegetz
or or o _ 0:_ I
oxr 0z Or oxr  F

The same procedure applies to compute g—;

These formulas allow us to compute the partial derivatives of z = f(x,y) implicitly, as long as the
stated requirements are met.
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Example

Consider the function:
F(x,y,2) = 2y +sin(z) — zcos(y) + 2° =1 =0

We observe that for any point (z,y, z) satisfying this equation, z is implicitly defined as a function of
z and y (i.e., z = f(x,y))

Step 1: compute partial derivatives We have:
Fy(z,y,2) = 2zy
F,(z,y,2) = 2% + zsin(y)

F,(z,y,z) = cos(z) — cos(y) + 2z

Step 2: apply the implicit derivative formula The formulas for the partial derivatives of z = f(z,y)
are:

92 _ Fi(wy2) o 02 Fy(vy2)
or  F.(z,y,2) oy  F.(z,y,2)

Step 3: evaluate at a point Let us choose the point Qo = (1,1,0). We verify:
12-1+sin(0) —0-cos(1) +0* =1 =1-1=0

so Qo lies on the surface defined by F(z,y,z) =0
Now we evaluate the partial derivatives at Qg:

Fo(1,1,0)=2-1-1=2

F,(1,1,0) =12 + 0 -sin(1) = 1
F,(1,1,0) = cos(0) — cos(1) +2-0 =1 —cos(1) ~ 0.46

Therefore: 9 5
,i‘ — %  ~_435
Ox 1(1,1,0) 1 —cos(1)
[a > 1
‘)7‘ ~ 217

Ay l(1.1,0) T 1 cos(1)

Second-order implicit derivatives
Consider the implicit function:

F(x,y,2) =2sin(z) —zz+3y> —1=0
which defines z = z(z,y). We aim to compute the second-order derivatives:

Rrxy, Rzys Ryxy  Ryy

evaluated at the point Qo = (1,1,0)
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Step 1: first-order derivatives

Since F(xz,y, z(z,y)) = 0, we differentiate implicitly with respect to x:

F
Fo+F, 2, =0 = 2,=——
+ z z P

Similarly, differentiating with respect to y:
F,
Fy+F, 2,=0 = z,=--
F,

We now compute the necessary partial derivatives:

oF oF oF

Fz:%:—% Fyza—y=3y27 Fz:E:2COS('z)_w
Then: )
z 392

g = T 2y =

~ 2cos(z) — ' " 2cos(z) —

From these expressions, we apply the quotient rule to obtain the second-order derivatives, postponing
numerical evaluation until the end.

Computation of z,,

with respect to x:

d ( 2 ) 2u(2cos(2) — x) — 2 (—2sin(z)z, — 1)

o = e 2cos(z) — x - (2cos(z) — x)?

Differentiate z, = m

- zz(2cos(z) — ) + 2(2sin(z)z, + 1)
o (2cos(z) — x)?

Evaluating at Qo = (1,1,0) (where z =0, z, = 0,sin(0) = 0,cos(0) = 1,z = 1):

(0)(2(1) — 1) +0(2(0)(0) +1) _ 0+0 _
(2(1) — 1) o1z

251;517(17 1) p—

Computation of z,,

Differentiate z, = with respect to y:

=z
2cos(z)—x

- d z _ zy(2cos(z) — x) — z - (—2sin(z)zy)
U dy (2cos(z) — :17) (2cos(z) — x)?

zy(2cos(z) — x) + 2zsin(z)zy,
(2cos(z) — x)?

Evaluating at Qo = (1,1,0) (with z =0, 2, = —3,sin(0) = 0,cos(0) = 1,2 = 1):

Zgy =

(=3)2(1) =1 +200)(0)(=3) _ =340 _

COEE e 7

Zzy(1,1) =

By symmetry of mixed partial derivatives:

Zyx = Zxy
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Computation of z,,

3y
2cos(z)—w

Differentiate z, = with respect to y:

. (6y)(2cos(z) — @) + (3y*)(=2sin(2)2)
i (2cos(z) — x)2

6y(2cos(z) — x) + 6y*sin(z)z,
Byy = —
v (2cos(z) — x)?

Evaluating at Qo = (1,1,0) (withy =1,2 =0, 2, = —3,sin(0) = 0,cos(0) = 1,z = 1):

_ 6()(2(1) — 1) +6(1)%(0)(=3) _ 6(1)+0 _
Zyy(1,1) = — (2(1) — 1)2 T 12 =—6
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